Abstract. The aim of this paper is to introduce a multidimensional Bernstein-Kantorovich operators for vector functions and study its convergence and Voronovskaja-type results .
Introduction
Kantorovich type operators have been obtained and studied by many authors by modifying some known operators in the unidimensional case, see [1] , [3] , [5] , [6] , [7] , [9] , [17] , [18] .
In this paper we generalize Bernstein-Kantorovich unidimensional operators in a multidimensional cube.
For any n ∈ N and f ∈ C [0, 1] ,the Bernstein-Kantorovich unidimensional operators are defined as:
The Bernstein operators in the multidimensional cube were studied by Hildebrandt and Schoenberg [8] , Lorentz [10] , Schnabl [16] .
For any n = (n 1 , n 2 , ..., n k ) ∈ N k and f ∈ C [0, 1] k , the multidimensional Bernstein operators are defined as:
B n f, x = B (n 1 ,n 2 ,...,n k ) f, x = 0≤is≤ns s=1,k
where x = (x 1 , x 2 , ..., x k ) ∈ [0, 1] k and p n,i (x) = n i x i (1 − x) n−i , i = 0, n, x ∈ [0, 1] .
Properties of convergence and Voronovskaja-type results for multidimensional Bernstein-Kantorovich operators will be investigated in our paper. Properties of convergence and Voronovskaja-type results of linear and positive operators have been studied by many authors in unidimensional case, see [2] , [4] , [11] , [12] , [13] , [14] , [15] .
Definition. Preliminary Results.
Through the paper the following notations will be considered:
H k is a normed space with the norm given by
ψ i ∞ , where ψ = ψ 1 , ..., ψ k .
Let the set
where
We will refer to them as multidimensional Bernstein-Kantorovich operators. In Corollary 2.1, we will show that K n ψ ∈ H e k for ψ ∈ H e k . For these operators we have the following positivity property.
Proof. It follows from Definition 2.1.
Further the following notation will be used:
(ii) I is the antiderivative operator,
, we have
the following equality holds
Proof.
, where
If we write the sum which is right hand side of above equality as follows
we obtain
Proof. It immediately follows from Theorem 2.1 and Theorem Schwartz on the equality of mixted derivatives.
Convergence Properties and Voronovskaja-Type Results
Theorem 3.1. Let ψ ∈ H e k . Then
where the symbol n → ∞ denotes n i → ∞, for any i = 1, k.
Proof. We prove for each 1
If we consider the integral right hand side of (4), we have
We obtain
where ω is the modulus of continuity of the first order.
For φ ∈ C [0, 1] k we define the modulus
In view of above expressions we get
On the other hand it is well known that (see [2] , [16] ),
converges uniformly on [0, 1] k for j = 1, k.
From relations (8) and (9), we obtain (7).
Remark 3.1. If we note I ψ = f then Theorem 3.1 essentially says that the partial derivatives of B (n 1 ,n 2 ,...,n k ) ( f ) uniformly approximate the partial derivatives of f .
In the sequence we will study Voronovskaja properties for these operators. First we consider the moments.
Let the unity function e 0 : R k → R, e 0 (x) = 1 and the projections Π q :
, q 2 = j and q 1 j;
Proof. We prove this lemma using (4) and the fact that
i) It is obvious. ii) For q j we have
Replacing the above equality in (4) we obtain
For q = j we have
Replacing the equality in (4) we obtain
iii) For q j we have
If we replace the equality in (4) we obtain
Taking this into consideration in (4) we obtain
iv) For q 1 , q 2 j and q 1 q 2 we have
For q 2 = j and q 1 j we have
Proof. It immediately follows from Lemma 3.1 and the linearity property of the operators. Finally we have
If we consider Lemma 3.2 and n 1 = n 2 = ... = n k = n, we obtain When n → ∞, we obtain n K n,j ϕ, x − ϕ (x) → 1 − 2x j 
